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Abstract. A modified fourth order Plunge-Kutta method bssed on the combined effects of the 
arithmetic mean averaging (AM) and the geometric mean averaging (GM) of the functional 
values is developed. The approach is also applied to establish alternative numerical integration 
algorithms for the trapezoidal formula, Simpson’s rule and Flomberg integration. Numerical 
computations are carried out to compare the results of the modified methods with the results 
of the standard formulae. 
1. INTRODUCTION 
The standard fourth order Runge-Kutta rule based on the arithmetic mean averaging (AM) 
is given by 
(1.1) 
where 
k1 = f(xcn, Y,) = f 
h = f(r, + alh, y,, + balk) 
k3 = f(en + (~2 + a3)h, ?/n + h(a2kl + ~3k2)) 
k4 = f(tn + (~4 -I- ~5 i- ~)h, yn + h(a4k1 + aEk2 + a6k3)), 
(1.2) 
A fourth order accuracy in (1.1) is achieved by choosing: 
al = l/2, a2 = 0, a3 = l/2, a4 = a5 = 0, a6 = 1. 
A fourth order Runge-Kutta formula based on the geometric mean averaging (GM) of the 
form 
Yn+l = Yn + 3 h(m+G+~), (1.3) 
is developed by [l] and [2] by replacing (AM) in (1.1) by (GM). An adjustment of the 
parameters given by 
al = l/2, a2 = -l/16, a3 = 9/16, a4 = -l/8, a5 = 5/24, es = -II/I2, 
yields a fourth order accuracy in (1.3). It is worth noting that the (GM) approach in (1.3) 
is inapplicable if kl and k2, k2 and k3 or k3 and k4 have opposite signs which is likely to 
happen around f(z, y) = 0. (See [3], page 50). 
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2. MODIFIED RUNGE-KUTTA FORMULA 
In a manner parallel to [5], we replace the (AM) in (1.1) or the (GM) in (1.3) by an 
averaging of the functional values of the form (GM)2/(AM), hence we establish a modified 
fourth order R-K formula in the form 
or more simply as 
(2.1) 
It can be seen that a fourth order accuracy in (2.1) can be obtained by adjusting the 
parameters ai, 1 5 i 5 6. To accomplish our goal, we follow [l], [2] and [5] where we first 
find that al = l/2. Besides, setting az + us = l/2 and u4 + a5 + ss = 1, and using the 
REDUCE symbolic computer program yield the following equations of conditions 
a1 
U2 +a3 
U4+U5+U6 
4U3+2U5 + 2U6 
5a5 + 5a6 + 6~3 
2a5 + 2a6 - 2a3 - 4a3a6 
= u/2, 
= l/2, 
= 1, 
= 5, 
= 10, 
=- 1. 
It follows that 
ai = l/2, us = -1/8, U3 = 5/8, U4 = -l/4, u5 = 7/20, as = g/10. (2.2) 
This leads to the modified fourth order Runge-Kutta formulae given by (2.1) and (1.2) upon 
substituting (2.2) in (1.2). 
3. MODIFIED NUMERICAL INTEGRATION METHODS 
In the following we will study equivalent modified formulae for the numerical integration 
methods using the above discussed (GM)2/(AM) approach. We begin our analysis with the 
well-known trapezoidal rule, based on the arithmetic mean, given by 
J ab f(z)& = f: h h +;+’ = T,, i=l [ 1 (3.1) 
where T, indicates the integral evaluated for n trapezoids each of width h, and _fi = f(xi). 
We now proceed as before, replacing (AM) of fi and fi+i in (3.1) by (GM)2/(AM) yields a 
modified trapezoidal algorithm of the form 
J ab f(c)dz = -g h [ 2fifi+1 1. jzl fi + fit1 (3.2) 
In a like manner we can establish an alternative strategy to the familiar Simpson’s rule 
#; 
J ab f(xW = S2n, (3.3) 
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where Szn denotes the integral evaluated by Simpson’s rule using 2n subintervals each of 
width h. It is a well-known fact that Sz,, is related to the trapezoidal notations Tz,., and T, 
by (see M> 
4 
L&,=-T -- ,, 
3 2n 
lT 
‘ch[ii+t+l] _~~2h[f%-1~fZi+l]. =- 
3. (3.4) 
A modified formula based on the use of (GM)2/(AM), rather than (AM) in (3.4), is obtained 
and given by 
S2n = $;;$:) -$(;:z;r;;;;;;)* (3.5) 
The analysis for an alternative Romberg method will be carried out similarly. If we denote 
the integral evaluated by Romberg integration using 4n panels each of width h by &,,, then 
(s44) 
16 1 
R4n = -S4n - 15Szn, 
15 
= $4n - ;Tz, + -&,, (3.6) 
64 4n 
=- -- 
45 C[ 
h fi + fi+l 2O 2n 2h fii-1 + fii+l 
i=l 
2 1 c [ 45 kl 2 1 
Carrying out the procedures outlined above, a modified Romberg strategy: 
is developed. 
The numerical results show the new algorithms (3.2), (3.5) and (3.7) to be very satisfac- 
tory. The achieved accuracy is good if compared with the results of the standard formulae. 
4. NUMERICAL EXAMPLE 
In this example we shall integrate 
J 2(15 - 3+&r. 1
The following table shows the values obtained by standard formulae and the values obtained 
by using the modified methods. It is interesting to note that the alternative strategies give 
smaller errors than the standard formulae. 
No. of Standard Modified Standard Modified Standard Modified 
Divisions Trapezoid Trapezoid Simpson Simpson Ftomberg Ftomberg 
128 7.9999510 7.9997580 8.0000000 8.0000000 7.9999730 7.9SS9990 
256 7.9999980 7.9999410 8.CQOOOOO 8.0000000 8.0000160 8.0000020 
512 8.0000000 7.9999850 8.0000000 7.9999990 8.0000000 7.9999990 
1024 8.0000010 7.99999SO 8.0000000 8.0000040 8.0000010 8.0000040 
2048 8.0000060 8.0000050 8.0000020 8.0000060 8.0000090 8.0000060 
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